We consider a transport setup containing a double-dot connected by a continuum. Via an exact solution of the time-dependent Schrödinger equation, we demonstrate a highly non-Markovian quantum-coherence-mediated transport through this dot-continuum-dot (DCD) system, which is in contrast with the common premise since in typical case a quantum particle does not reenter the system of interest once it irreversibly decayed into a continuum (such as the spontaneous emission of a photon). We also find that this DCD system supports an unusual steady state with unequal source and drain currents, owing to electrons irreversibly entering the continuum and floating there.
We consider a transport setup containing a double-dot connected by a continuum. Via an exact solution of the time-dependent Schrödinger equation, we demonstrate a highly non-Markovian quantum-coherence-mediated transport through this dot-continuum-dot (DCD) system, which is in contrast with the common premise since in typical case a quantum particle does not reenter the system of interest once it irreversibly decayed into a continuum (such as the spontaneous emission of a photon). We also find that this DCD system supports an unusual steady state with unequal source and drain currents, owing to electrons irreversibly entering the continuum and floating there. Coupling of a finite-size system to a reservoir with continuum energy spectrum is relevant to many fundamental issues of physics, e.g., the emergence of classicality from a quantum world [1] , and the origin of irreversibility in statistical physics. Simple example of such type of coupling can be a small system, with discrete states, coupled to a continuum in terms of quantum tunneling.
In most cases, coupling with a continuum would result in an irreversible decay of the discrete state, with the particle never coming back, such as the spontaneous emission of photon from an atom. However, in a recent study [2] , where a double-dot connected by a continuum was considered, it was found that the second dot can affect the decay from the first dot via quantum interference, and finally lead to a formation of stationary bound state embedded in the continuum. In subsequent related studies [3, 4] , also concerning this dot-continuum-dot (DCD) system, it was demonstrated that the electron's motion through the continuum is very unusual, say, revealing an undetectable feature in the transfer process, and the information lost into the continuum can be retrieved without generating more disturbance.
In the present work we consider inserting the DCD system into a transport configuration, as schematically shown by Fig. 1 , which allows for an investigation for the behavior of continuous current through the DCD setup. Moreover, beyond the above DCD studies [2] [3] [4] , where a wideband-limit (WBL) model was assumed for the central continuum, we will generalize our study to a finite-bandwidth Lorentzian spectrum (FBLS) for both the leads and the continuum. As a consequence, the transient transport process is highly non-Markovian, much stronger than in the WBL [5] . Particularly, associated with the peculiar DCD setup, we will discuss and uncover other features in relation with the coherence-mediated transfer and electron accumulation (floating) in the continuum, basing both on an exact treatment for the non-Markovian transport. The issue of non-Markovian transport through quantum dots has received considerable attention in the past years [6] [7] [8] [9] [10] [11] [12] [13] , * Electronic address: lixinqi@bnu.edu.cn where the non-Markovian transient dynamics are usually manifested in the current noise spectrum or in terms of full counting statistics. Moreover, exploiting the nature of non-Markovianity in broader contexts has been a subject of great interest in recent years, which stimulated novel means such as information-theoretic approach to recognize that non-Markovian dynamics is a reversed flow of information from the environment back to the open system [14, 15] . Also, experimental progress on revealing the non-Markovian effects was reported very recently [16] . Before solving the problem as shown schematically in Fig. 1 , we first elaborate the method to be used in this work. As examined in Ref. [11] for the simplest problem of single-dot transport, either the usual Born-Markovian or non-Markovian master equation is not good in general for finite-band reservoir/lead, compared to the exact solution of this simplest model including also the recently derived exact master equation approach [17] . In our present work, unlike using the Bloch-type rate equation derived in Ref. [18] under the conditions of WBL and large bias voltage, we will apply an exact Schrödinger-equation-based single electron wavefunction (SEWF) approach [19, 20] . The SEWF approach is originated from an observation that, for noninteracting system (transport), the many-particle state of the whole system (i.e., the central system plus the two leads) can be constructed by the Slater determinant of all the single electron wavefunctions. Note that, doing this, the Pauli principle is taken into account exactly. In practice, the single electron wavefunction is solved directly from the time-dependent Schrödinger equation. Moreover, the initial single electron states are summed over all the occupied states in the leads which are defined by the Fermi surfaces. In this way, the corresponding bias voltage is desirably introduced. Knowing the wavefunction of the entire system, of course, the current (or other quantities of interest) can be calculated by the matrix element of the corresponding operator and the total wave function.
While in wide band limit, it is indeed possible to recover the master equation formalism from this SEWF approach for large bias voltage [19] [20] [21] , but unfortunately so far similar conversion does not succeed for small voltage despite the perfect numerical agreement with other exact approach (e.g., Ref. [17] ). However, favorably, in practical manipulation the SEWF approach allows us to calculate the (transient) current directly from the single electron wavefunction, not needing to construct firstly a master equation. This is the most important advantage of the SEWF approach applying to noninteracting transports. As we will see in the following, in practice the SEWF approach looks very like a generalization of the scattering-matrix approach of the Landauer-Buttiker formulation. That is, we first solve the single-electron state evolution and calculate its current. Then, we apply the well-known prescription to integrate the total current between the two chemical potentials of the leads (the voltage window). So in certain sense the present approach can be regarded as a generalization of the Landauer-Büttiker formalism, say, from the stationary to a transient version.
Now we turn to solving the DCD system shown in Fig.  1 by applying the SEWF approach. For simplicity, we assume that each dot has only one single spinless level. For noninteracting dot, where the spin-up and spin-down electrons transport independently, this model simply corresponds to a single level between the bias window. In the presence of Coulomb interaction (inside the dot), this model is also reasonable for the case of a large Zeeman splitting so that within the (small) bias window there is only one energy level with definite spin (determined by the magnetic field orientation). In this case no Coulomb correlation inside the dot is relevant to the transport, since the dot level between the bias window can be occupied at most by only one electron. The whole setup is described by the following Hamiltonian
Here, a †
) and a † m (a m ) are, respectively, the creation (annihilation) operators of the left (right) dot, left (right) lead and the central continuum. The first four terms are the free Hamiltonians of the individual parts, while the last four terms describe their couplings, i.e., between the dots and the leads and the central continuum, with the respective coupling amplitudes of Ω l,r,m andΩ m .
In this work, following Ref. [19] , we apply the SEWF approach to study the transient transport behavior. Let the initial state of the system correspond to filling the left and right reservoirs at zero temperature with electrons up to the Fermi energies µ L and µ R , respectively. For noninteracting transport, the problem can be solved exactly for any values of the bias voltage, µ L − µ R . Indeed, the total wave function for the noninteracting electrons, |Ψ(t) = exp(−iHt)|Ψ(0) , can be written at all times as a product of single-electron wave functions, |Ψ(t) = l |ψl(t) . Note that, as well known, this product state in "second quantization" form is exactly equivalent to the construction of a Slater determinant. Here |ψl(t) describes a single electron initially occupying the state a † l |0 in the left or right lead, with energy El ≡ E in . We can express in general its state at time t as a superposition of all possible occupations in the whole system as follows
where |0 denotes the vacuum without any electron, and a † j |0 (j = 1, 2, l, r, m) are the single-electron states with occupation amplitudes b j (t). Obviously, the assumed initial condition is characterized by b l (0) = δ ll , while other amplitudes at the beginning are zero. Note that all the amplitudes in Eq. (2) depend onl. However, for brevity, we did not express this dependence explicitly.
For the single electron initially in state a † l |0 , the probability of finding it in one of the leads or in the central continuum is therefore P L(R,M),l (t) = l(r,m) |b l(r,m) (t)| 2 , and the average current reads
At zero temperature, the total current in each lead or into the continuum can be expressed accordingly as
where ρ L is the density of states of the left lead. More explicit result for the single electron current I L(R,M),l (t) will be presented in the following respective examples.
Inserting the wavefunction, Eq. (2), into the timedependent Schrödinger equation, we first obtain a set of coupled linear differential equations for the amplitudes. Then, applying the Laplace transformation,
iωt dt, we convert the differential equations into the following algebraic equations forb j (ω):
This set of equations can be solved as follows. First, find the solution ofb
, from the first, third and fifth equations. Then, substitute them into the second and forth equations. In doing this, we will encounter the summation
, which can be further replaced by an integration by introducing the density of states, ρ l(r,m) , for the leads and the central continuum.
In the case of wide-band limit (WBL), we can regard ρ l(r,m) and Ω l(r,m) as constants, accordingly denoted as
where the constant coupling rates,
In this work, of our greater interest is the more general case, say, finite-band Lorentzian spectrum (FBLS), for both the leads and the central continuum. This can be modeled as
where the constant Ω
L(R,M) and Λ L(R,M) characterize, respectively, the spectral height and width. For the case Λ L(R,M) much larger than the relevant energies, Λ L(R,M) ≫ ω, the WBL is recovered. Otherwise, the coupling rates in Eq. (5) are of energy dependence as follows
where
Wide Band Limit.-In this case, from Eq. (4), we arrive at two equations forb 1 (ω) andb 2 (ω):
Here we assumed Ω M =Ω M and Γ M =Γ M . While keeping E 1 = −E 2 = ǫ/2 = 0, we assume further Γ L = Γ R = Γ 0 and carry out an explicit analytic solution. From Eq. (8), we solve forb 1 (ω) andb 2 (ω), and find that commonly each has three poles, E in and ω 1(2) = i(±∆ − γ)/2, where ∆ = Γ 2 M − ǫ 2 and γ = Γ 0 + Γ M . Then, straightforwardly, an inverse Laplace transformation leads to
In this solution, we introduced:
With the knowledge of b 1(2) (E in , t), one is able to carry out the transient single-electron currents as follows. As described previously above Eq. (3), from the time derivative of P L(R,M),l ≡ l(r,m) |b l(r,m) | 2 , we can explicitly arrive to the following results:
2 for the right current; and
2 for the current flowing into the central continuum, from the both dots. Here we would like to stress that in steady state these currents satisfy the conservative relation I L = I R +I M , since the occupation probabilities in the two dots are stationary (unchanged) in the steady state. This conservative relation can be checked numerically (in Figs. 2  and 3 ) or proven analytically. The interesting feature is that, as we will see in the following, I L = I R even in the steady state! This is somehow a novel consequence of the continuum spectral property, but does not mean a breakdown of the electron number conservation.
While some (complicated) analytic results are available, in Fig. 2 we numerically display the transient single electron currents under the wide-band limit, representatively for an incident energy E in in alignment with the dot level. For simplicity, here and in the following numerical results, we consider two identical dots and symmetric coupling to the leads and the central continuum, with Finite-Band Lorentzian Spectrum.-We consider applying the finite-band Lorentzian spectrum (FBLS), Eqs. (6) and (7), to both the leads and the central continuum. Again, for simplicity, we assume Γ (0)
Here we introduced:
2 . For double dots with aligned levels, E 1 − E 2 = ǫ = 0, we find thatb 1 (ω) andb 2 (ω) have, commonly, five poles in the complex ω-plane: E in , (±γ 1 − iΛ)/2, and (±γ 2 − iΛ)/2, where
For the purpose to express the transient current in a more compact form, we define in this context two types of inverse Laplace transformation:
ω+iΛ e −iωt , with j = 1, 2. Then, after a short algebraic manipulations, the transient currents from a single electron with incident energy E in can be calculated by
11c) Here we omitted the energy E in in b 1(2) (E in , t) anď b * 1(2) (E in , t), for the sake of brevity. Integrating the results of Eq. (11) over E in within a proper energy window, transient currents for arbitrary bias voltage can be obtained.
Before turning to the detailed behaviors of the currents, we first make a general remark on the transfer nature through the continuum. As we have mentioned in the introductory part, typically, a quantum particle cannot reenter the dots after it irreversibly decays into a continuum.
To make this statement more specific, we may consider a single level (bound state) coupled to a continuum. In this case, the continuum can be a Fermi reservoir, but with the Fermi surface much lower than the bound-state level. Then, it is a common knowledge that an electron, initially occupying the bound state, will irreversibly decay into the reservoir along time, and will never come back in long-time limit. By contrast, for the case of DCD setup, the electron can transmit through the central continuum even in long time limit [2] . Below we explain that the basic reason is owing to the coherent coupling of the two dots with the continuum. In this case, if we convert the above wavefunction approach/solution under into a rate equation, we will find that the (state) occupation transfer is mediated by a quantum coherence term, i.e., by the offdiagonal elements of the density matrix. This means that, if the "quantum coherence" is destroyed, the electron cannot propagate from one dot to another through the continuum. We demonstrate this feature, more transparently, as follows. In wide band limit, we can construct a Lindbladtype master equation for the coupling of the two dots to the continuum [3] 
Here ρ is the reduced density matrix of the double dots; the Lindblad super-operator reads D[a]ρ = aρa † − 1 2 {a † a, ρ}; and χ =Ω M /Ω M is introduced. We conclude that the coherent superposition of a 1 and a 2 in the Lindblad superoperator is of crucial significance to the charge transfer through the continuum, which actually provides such cross terms as a 1 ρa † 2 to mediate the passage through the continuum. Otherwise, if we destroy the coherence by removing this type of cross terms and keep only terms as D[a 1 ]ρ and D[a 2 ]ρ, we will find that the electron cannot transfer between the dots through the continuum. In Fig. 3 we show the result from the FBLS which, qual-itatively, differs from the result under the WBL as shown in Fig. 2 . That is, the current under WBL does not display oscillations with time, while it oscillates in the case of FBLS. This oscillation behavior is indeed originated from an essential non-Markovian effect. The difference in Fig. 2 and Fig. 3(a)-(c) is out of a simple intuition: since the incident energy is in resonance with the dot level, we may expect the electron's motion to be affected mostly by the continuum states with similar energy of the incident electron. However, by altering the bandwidth of the Lorentzian spectrum, the result in Fig. 3(a)-(c) indicates that the electron's motion is also influenced strongly by the "remote" continuum states with quite different energies.
The reason of having stronger non-Markovian behavior when coupled to a narrower band continuum may be understood in certain sense by imagining an extreme situation: if the narrow band continuum is reduced to discrete levels in the same energy range, reversible quantum coherent oscillations will replace the oscillating decay behavior. There exists, however, an essential difference between them. That is, no matter how narrow the continuum is, it will lead to an irreversible decay into the continuum. Of particular interest is that the electron is more easily coming back during the decay process, for a narrower bandwidth of the continuum. This understanding provides a dynamic insight for the nature of the nonMarkovianity, which should be equivalent to the sophisticated information-theoretic notion by relating the nonMarkovianity with a reversed flow of information from the environment back to the system of interest [14, 15] .
We can further understand the stronger transient nonMarkovian effect for a narrower band of continuum by means of the time-energy uncertainty relation. On relatively shorter timescale, the electron couples to a larger range of energies of the continuum. Then, for a wide band continuum, more "remote" energy states will involve into the (tunnel) coupling dynamics, resulting in a destructive interference cancelation which destroys the "coming back" process (oscillating behavior). While on longer timescale (in steady state), the result is less sensitive to the bandwidth, as shown in Fig. 3(a)-(c) . However, we find that the steady-state result under the WBL can be faster reached with a small increase of the bandwidth, while the short-time behaviors remain to be quite different. This feature demonstrates that the bandwidth effect hides in a more pronounced manner in the transient dynamics. In this context, we see that the transient single electron current captures more information than the conventional stationary scattering approach. To make the result more reasonable, we further integrate the current over a small energy window around the dot level and display the result in Fig. 3(d)-(f) , where we find that the finite-bandwidth induced non-Markovian behavior is still evident.
Finally we discuss the interesting steady-state behavior of the DCD system. The results in both Figs. 2 and 3 show that, even in steady state, the left and right currents are unequal, i.e., I L > I R . This feature distinguishes the central continuum, drastically, from any finite-size well, since in the latter case the steady-state left and right currents must equal to one another. The unequal left and right currents indicate a drastic transition when the finite-size central well approaches to a continuum limit. Actually, the essential physics is the development of irreversibility in this limit, which causes part of the transport electrons being irreversibly lost into the continuum and floating there, while other electrons supporting the transport current due to the coherent-coupling-mediated transfer between the dots.
In this context one may expect a formation of chemical potential in the continuum, owing to electron filling up there. Then, in steady state the net current into the continuum is zero. Of interest is that,in the central continuum, we did not introduce any inelastic scattering, which therefore differs from what happens in the electrodes in transport, where the inelastic scattering processes (quickly) relax the electrode to a local equilibrium. For the central continuum in our DCD system, the absence of inelastic scattering implies that the electrons stayed in the continuum just float there, with no energy relaxation to form a local equilibrium with well-defined Fermi energy. We notice that, to account for phase breaking in quantum transport, Büttiker once proposed a type of dephasing model by introducing a virtual side reservoir [22, 23] . In that approach, the transport electron first enters the side reservoir, experiences inelastic scattering in it, then returns back into the system. As a result, the quantum coherence of the electron is destroyed or partially destroyed. In Büttiker's dephasing model, the side reservoir is assigned an appropriate chemical potential to guarantee a zero net current flowing into the side reservoir. On the contrary, in the DCD system, the nonzero net current flowing into the central continuum is a novel consequence of the continuous spectral property.
Discussion and Summary.-Before summarizing the work, we would like to present a discussion on the nonMarkovian nature of the SEWF approach. Indeed, conventionally, the non-Markovian feature is manifested in terms of a time-nonlocal master equation. The timenonlocal feature, as is well known, reflects a memory effect. However, there is an alternative form of nonMarkovian master equation, which is actually exact for some solvable models [17] . In that form, the nonMarkovianity is manifested by a time-dependent decay rate, which depends on the entire past history thus keeps the full memory effect. Concerning the SEWF approach, it is built on a set of infinite coupled differential equations for the dot-and continuum-state amplitudes, see Eq. (4). The basic solving procedure, in time domain, is integrating first the continuum amplitudes, then substituting them into the equations for the dot-state amplitudes. In doing this, the dot-state evolution depends on the entire past history of the continuum/reservoir, thus holds a memory effect. This feature, in essence, corresponds to the timedependent decay rate in the exact master equation formalism [17] .
While the non-Markovian behavior is rather obvious for the finite-bandwidth Lorentzian spectrum, it is of inter-est to understand that, in the case of WBL, the transport under small bias voltage is in fact also non-Markovian, despite that the underlying non-Markovianity is usually quite weak, as indicated by I L in Fig. 2 . Notice that, the conventional master equation is obtained by summing over all the single electron states initially occupied in the leads, which are actually defined by the Fermi surfaces. While for each individual electron, starting its evolution from a state in the lead, the transient dynamics is nonMarkvian in essence as analyzed above, whether or not the master equation (obtained after the summation of the single electron states) is Markovian in WBL depends on the bias voltage. That is, under large bias voltage it is Markovian [18] while under small voltage, using the method in Ref. [17] , it can be shown that the corresponding master equation is non-Markovian even in WBL. This latter result is in agreement with the non-Markovian nature of the exact SEWF approach.
To summarize, in this work we have presented an exact solution for the non-Markovian transport through a double-dot connected by a continuum. Unlike the intuition that a quantum particle does not reenter the dots after its irreversible decay into the continuum, we demonstrate a highly non-Markovian quantum-coherence-mediated transmission through the continuum, owing to coherent coupling of the two dots with the same continuum. The continuous spectral nature of the continuum also supports a steady state with unequal source and drain currents, as a result of electrons irreversibly entering the continuum and floating in it.
